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ABSTRACT
A new Eulerian-Eulerian multidimensional model is proposed for the study of the
dynamics of dense fluidized suspensions. The main distinctive feature of this new
formulation of the equations of motion resides in the closure relationships adopted to
express the fluid-particle interaction force. The force accounts for three contributions:
buoyant force, drag force and elastic force. The buoyant force is related to the
weight of the fluid displaced by the particles. The drag force is expressed as the
product of the drag exerted on an unhindered particle, subject to the same
volumetric flux of fluid, and a “corrective function” dependent on both bed voidage
and particle Reynolds number. The elastic force is related to spatial gradients in the
bed voidage and is parallel to the drag force; the force can be regarded as the
component of the drag which arises when the homogeneity of the suspension is lost
at the macroscopic length scale. The model is used to study the fluidization
dynamics of liquid-solid homogeneous beds and gas-solid bubbling beds with
particles belonging to the Group B of the Geldart's classification (1). The results of
the simulations are compared with experimental data mainly in terms of average bed
height, average bed voidage and diameter of the rising bubbles.
INTRODUCTION
Since its very first commercial applications, the technique of fluidization has attracted
more and more the attention of the industrial world, which didn't fail to recognize and
appreciate the potential offered by this innovative technology.
Albeit used extensively in commercial operations, nonetheless fluidization still poses
a major challenge to engineers when tackling the design of new industrial plants.
These, for their very nature, are highly dependent on their hydrodynamic behavior
which in turn is affected by the system geometry and size. Critical scale-up problems
therefore arise, related to how accurately changes in performance with plant size
can be accounted for at the design stage.
In this regard, CFD has proved a valuable research means; the aim is succeeding in
simulating and investigating the behavior of full-size units, so as to add insight into
the
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developed, along with appropriate constitutive equations. This work proposes a new
Eulerian-Eulerian multidimensional model for the analysis of the fluid dynamic
behavior of dense fluidized suspensions.
EQUATIONS OF CHANGE
The general formulation of the Eulerian-Eulerian locally averaged equations of
change for dense fluidized suspensions is reported hereunder. For the fluid phase, in
the assumption that the fluid is incompressible, the conservation of mass (continuity
equation) and linear momentum yield:
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Similarly, for the solid phase, we have:
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Here ε and φ , ρ f and ρ p , and u f and u p are the volume fractions, densities and
velocities of fluid phase and solid phase respectively. n p is the particle number
G
density, and g is the gravitational acceleration. T f and T p represent the fluid and
G
the solid stress tensors, and Φ fp denotes the interaction force per unit particle
exerted by the fluid phase on the solid phase. Note that the sum of the fluid and solid
volume fractions always equals one: ε + φ = 1.
CLOSURE RELATIONSHIPS
The Eulerian-Eulerian locally averaged equations of change for a fluidized
suspension of solid particles take always the form reported in the previous section.
Thus, the feature of each specific model is not to be found in the formulation of such
equations, but lies in the constitutive expressions used to close the terms T f , T p
G
and Φ fp .
Stress tensor closures
The constitutive equation used to express the stress tensor of the fluid phase is that
usually employed for compressible Newtonian fluids:
G
GG
2 G G
G G

(5)
T f = −∇p + µ f ∇u f + ∇u f T − ∇ ⋅ u f I 
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identity tensor.
In this analysis, the contribution due to the solid stress tensor is neglected. This
choice is made intentionally. Indeed, this work is part of an ongoing study which
proposes, among other things, to compare the results derived from the present
formulation of the model with those obtained by including in the solid phase
dynamical equation the contribution due to the solid stress tensor. In this regard, it
should be emphasized that the inclusion of such term is not irreconcilable with the
modeling choices herein undertaken and, in particular, with the concept of elastic
force. Whereas such force is fluid dynamical in nature and is part of the fluid-particle
interaction between the phases, the solid stress is related to the interactions
between the particles within the solid phase and is totally unrelated to the fluid
presence.
Interaction force closures
The fluid-particle interaction force is modeled as the sum of three contributions,
namely: buoyant force, drag force and elastic force. We can write:

G
G
G
G
n p Φ fp = n p f s + n p f k + n p f e

(6)

Before going any further, it is worth pointing out that other contributions to the fluidparticle interaction force should in general be considered; we mention, for instance,
the virtual mass force, the lift force and the fluid local acceleration force. Especially
the latter, at least from a theoretical point of view, plays sometimes an important role
(2). In the present study, however, since such contributions are not dominant, they
have been neglected.
The buoyant force is expressed using the “classical'' definition of buoyancy which
regards the force as equal to the weight of the fluid displaced by the particles:

G
G
n p f s = −φ ρ f g

(7)

This definition differs substantially from those employed in most multiphase flow
models where the force is usually assumed to be proportional either to the fluid
pressure gradient or to the divergence of the fluid stress tensor:

G
G
G
G
n p f s∗ = − φ ∇p ; n p f s∗∗ = − φ ∇ ⋅ T

f

(8)

Here the classical definition of buoyant force, equation (7), is preferred; this, as
opposed to equation (8), preserves the distinctive feature of such force: its being
constant and altogether unrelated to the specific characteristics of the flow field (3).
The drag force closure that we propose is the following:
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G
G
ρ f u f − u p ( 1 − ε ) −ψ (ε , Re )
3
β = C D (Re )
ε
dp
4

(10)

Here C D (Re ) is the drag coefficient and d p is the particle diameter. ψ (ε , Re ) is a
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“corrective function” dependent on both particle Reynolds number and bed voidage.
This dependence is not found in the majority of multiphase flow models where the
exponent is usually assumed to be constant and equal to 2.65, 2.70 or 2.80. It is not
possible here to provide the analytical expression for ψ (ε , Re ) due to the page
constraint imposed for the article. We have chosen, therefore, to report ψ (ε , Re ) in
the form of a diagram, referring for more details to the work by Mazzei et al. (4). In
Figure 1a theoretical values of ψ (ε , Re ) are compared with empirical ones obtained
from experimental data published in literature by Happel and Epstein (5) and Rumpf
and Gupte (6) with regard to homogeneous assemblies of mono-sized particles
fluidized by means of liquids. This diagram confirms the variability of the exponent
with the particle Reynolds number and the bed void fraction. Figure 1b, similarly,
compares theoretical values of ψ (ε , Re ) to experimental ones (still obtained from
empirical data published by several groups of researchers) and emphasizes once
again the variability of the exponent. In the figure also other closures are considered,
more specifically that developed by Wen and Yu (7) and that based on the empirical
correlation by Ergun (8) originally developed for the assessment of the
unrecoverable pressure drop through packed beds (for this last drag force closure,
since no exponential corrective function is present, an equivalent exponent is worked
out). As we note, the experimental exponent varies in the range 1.9 - 2.9 and is by
no means constant.
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Figure 1: Comparison between theoretical and experimental values of ψ (ε , Re ) .
The elastic force closure is the following:

G
G
G G
2
n p f e = − d p ∇ε ⋅ n k ζ (ε , Re ) n p f k
3

(

)

(11)

G
where n k is the drag force unit vector, and ζ (ε , Re ) is a constitutive scalar function
dependent on the particle Reynolds number and fluid volume fraction. For more
details regarding equation (11) we refer to the work by Mazzei et al. (4).
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Homogeneous fluidized beds
The fluidization dynamics of a Geldart Group A powder (mean particle diameter: 253
µm, solid density: 2780 kg/m3) fluidized by water (ambient operating conditions) is
simulated using the model just presented. The purpose of the study is to investigate
the dynamics of homogeneous beds and to test computationally the validity of the
drag force closure advanced by the present authors. From these simulations,
however, no information can be elicited as regards the elastic force, since in
homogeneous systems such force is absent as no gradients in the bed voidage are
present. Each simulation starts considering a fixed bed with voidage equal to 0.4. At
time t=0 water is fed; four different values for the superficial velocity are used: 0.272
cm/s, 0.528 cm/s, 0.925 cm/s and 1.50 cm/s. Three different drag force closures are
employed: the new constitutive relationship presented in this paper, the closure
suggested by Wen and Yu (7), and the equation based on the empirical correlation
developed by Ergun (8). The equations of motion are solved in each case using the
commercial CFD code CFX 4.4; the integration is performed using a time step of
0.01 seconds. The computational results are compared to experimental data
obtained, for the same system, by Richardson and Zaki (9).
Figure 2a presents the results in terms of bed voidage. As we can see, the new
constitutive equation herein advanced proves very accurate and improves the
predictions in terms of bed expansion. This provides an indirect proof of a better
assessment of the drag force magnitude. Figure 2b reports the percent error as a
function of the bed voidage. This figure confirms the better predictive capability of
the new drag force closure.
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Figure 2a & 2b: Comparison between theoretical and experimental values of the bed
voidage and percent error of the computational results obtained using alternative
drag force closures.
It is interesting to note that the constitutive equation based on the Ergun correlation
improves in accuracy with increasing values of the bed voidage. This might seem
somewhat surprising if we think that the original correlation on which the closure is
based catered solely for fixed beds. The explanation for this apparent inconsistency
is simple: it can be shown that in the intermediate regime (that is, the fluid dynamic
region between the purely viscous and the purely inertial regimes) the Ergun closure
is better predictive at high bed void fractions and not at low ones as it might be
expected. In this regard, we refer to Figure 3. Here we report the ratio between the
equilibrium
void
fraction
homogeneous liquid-fluidized beds obtained from a) the
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Richardson and Zaki empirical correlation. The ratio is reported as a function of the
Reynolds number parameterized in the experimental voidage. A perfect fit is
obtained when the ratio is equal to one. The diagram clearly shows that in the
intermediate fluid dynamic region the accuracy of the Ergun drag force closure
improves with increasing bed void fractions. This provides a clear explanation of the
seemingly contradictory numerical results.
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Figure 3: Ratio between the equilibrium void fraction in homogeneous liquid-fluidized
beds obtained from a) the linear momentum balance solved using the Ergun drag
force closure, and b) the Richardson and Zaki empirical correlation.
Bubbling fluidized beds
The fluidization dynamics of a Geldart Group B powder (diameter: 350 µm, density:
2500 kg/m3) fluidized by air (ambient operating conditions) is also simulated using
the multiphase model herein advanced. The initial conditions are the same as those
employed in the previous study. The superficial velocity is fixed at 0.25 m/s. The
mathematical model is solved using the commercial CFD code CFX 4.4. Figure 4
reports the results of the simulation (for the first three seconds) expressed in terms
of bed voidage profile.

Figure 4: Voidage profile as a function of time.
The results shown in Figure 4 are just qualitative since the simulation is still not
finished at the time of writing. Once the end of the simulation is reached, the results
will be validated by comparing them with experimental data. More specifically, the
validation will be performed in terms of average voidage of the bed, bed height,
pressure drop through the bed, bubbles diameters and shapes and bubbles rise
velocities. To work out the equivalent diameter of the bubbles from the output data
provided
by the CFD simulations, a numerical algorithm has been implemented 6by
http://dc.engconfintl.org/fluidization_xii/84
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computational grid made up of zeros and ones (zero indicating absence of solid, one
indicating presence of solid) where the geometrical properties of the bubbles are
captured and can be assessed quantitatively without any task to be performed by the
CFD user. The grid generated by the algorithm is therefore a mere working tool used
by the program in order to carry out the computations automatically and rapidly. An
example of such grid is reported in Figure 5a; this has been generated by the
algorithm and refers to the bottom part of the bed as it appears after 0.6 seconds
from the beginning of the simulation. The shape of the bubbles featuring in Figure 5a
and Figure 5b can be compared; as we can see the bubble shapes are not altered
and the grid captures all the significant geometrical properties of the bubbles. It is
worth pointing out that the choice of the specific instant herein considered is
suggested only by the visual appearance of the grid and not by physical
considerations. At the instant t0 = 0.6 seconds the appearance of the grid results
particularly effective and might help to understand the logic of the algorithm; for more
details in this regard we refer to the work by Mazzei and Lettieri (10).

Figure 5a & 5b: Example of computational grid generated for the automatic
calculation of the diameters of the bubbles featuring in the bed.
CONCLUSIONS
A multidimensional two-phase fluid dynamic model for fluidized beds has been
briefly described and used to simulate the dynamics of liquid-solid and gas-solid
fluidized powders belonging to Groups A and B of the Geldart's classification. The
equations of motion have been solved using the commercial CFD code CFX 4.4.
The investigation has been mainly concerned with the homogeneous and bubbling
regimes of fluidization. The homogeneous bed computational study proposed to test
computationally the validity of the drag force closure advanced by the authors. More
than satisfactory results were found. The preliminary results of the computational
study of the fluidization dynamics in bubbling beds have been reported. A numerical
algorithm for the automatic computation of the bubbles diameters within the bed has
been presented.
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